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We numerically study the dynamics of quantized vortices in two-dimensional two-component Bose–Einstein con-
densates (BECs) trapped by a box potential. For one-component BECs in a box potential, it is known that quantized
vortices form Onsager vortices, which are clusters of same-sign vortices. We confirm that the vortices of the two compo-
nents spatially separate from each other–even for miscible two-component BECs–suppressing the formation of Onsager
vortices. This phenomenon is caused by the repulsive interaction between vortices belonging to different components,
hence, suggesting a new possibility for vortex phase separation.
In turbulence, vortices create high concentrations of vortic-
ity ω(r, t) = ∇ × v(r, t), where v(r, t) is velocity field of the
fluid. Turbulence and the related vortex behavior exhibit uni-
versal statistical laws, which depend on the spatial dimensions
of the system.1) Three-dimensional (3D) turbulence sustains
a direct cascade of energy transfer from the larger to smaller
spatial scales. This direct cascade is believed to be sustained
by the Richardson cascade, in which large vortices are bro-
ken up into smaller ones. On the other hand, the behavior
of two-dimensional (2D) turbulences is in stark contrast with
3D turbulences. Onsager predicted the spontaneous formation
of large-scale, long-lived vortices which are called Onsager
vortices.2, 3) Kraichnan predicted that 2D turbulence exhibits
an inverse energy cascade from the smaller to larger spatial
scales.4)
When we try to study Richardson cascades, classical tur-
bulence (CT) causes serious difficulties due to the difficulty
of defining each vortex. Quantum turbulence (QT) has the ad-
vantage of considering quantized vortices as topological de-
fects. This means that vortices are well-defined in both 3D
and 2D systems for QT. An atomic Bose–Einstein conden-
sate (BEC) is a typical system of a quantum fluid and has
the following advantages for the study of turbulence. Firstly,
the diluteness of BEC gas makes the vortex core relatively
large, reaching values in the µm range, so that the vortex
cores are visible by optical techniques. Secondly, BEC can
be controlled well experimentally, for example, the intensity
of the atom-atom interactions can be changed through Fesh-
bach resonance. Finally, we can use the Gross-Pitaevskii (GP)
equation–based on the mean field approximation–to treat the
dynamics of the condensate, which describes the experimen-
tal results quantitatively.
Three-dimensional QT also sustains direct energy cascades
and exhibits Kolmogorov’s −5/3 power law, which may sup-
port the idea that the Richardson cascade process is present in
the system.5) From this similarity between the QT and CT in
3D systems, we can expect the formation of Onsager vortices
in 2D QTs. Therefore, several experimental, numerical, and
theoretical studies have been done, aimed to prove whether or
not Onsager vortices are formed in 2D QTs.6–17) Specifically,
Groszek et al. showed that the formation of Onsager vortices
depends on the trapping potential by carrying out simulations
based on the GP model. In order to provide a definite proof,
they calculated the amplitude of the dipole moment of the
vortex distribution defined by d = |d| = |Σiqiri|, where ri
is the position of the ith vortex and qi = siκ = sih/m is its
charge with si = ±1. They concluded that Onsager vortices
are formed in uniform condensates trapped by a box poten-
tial.18, 19)
These studies addressed one-component BECs. On the con-
trary, two-component BECs were studied in 2D20–25) and
in 3D,26, 27) observing novel phenomena not found in one-
component BECs. For example, vortices form interlocked tri-
angular lattices, square lattices, or interwoven serpentine vor-
tex sheets in 2D rotating condensates. These phenomena orig-
inate from the intracomponent- and intercomponent-coupling
of the condensates. The intracomponent-coupling of the con-
densates is the interaction between atoms of the same conden-
sate component denoted by gii (i = 1, 2). The intercomponent-
coupling of the condensates is the interaction between atoms
of different condensate components denoted by g12. Here, two
components are miscible when
√
g11g22 > g12 and phase sep-
arated when
√
g11g22 < g12.
These two coupling types of the condensates result
in two kinds of vortex interactions: intracomponent- and
intercomponent-interaction. Intracomponent-interaction of
the vortices is the interaction between vortices belonging
to the same condensate component, while intercomponent-
interaction of the vortices means the interaction between
vortices two different components. The energy of the
intracomponent-interaction of the vortices is written by
 intrai j =
2pisis j~2n
m
ln
R0
Ri j′
, (1)
where n is the density of the condensates, m is the mass of
the involved atom, Ri j is the distance between the ith and jth
vortices and R0 is the radius of the potential.28) Then, si and
s j are the circulation signs of the ith and jth vortices, respec-
tively. If these circulation signs are equal, the intracomponent-
interaction is repulsive, and attractive if the signs differ. The
energy of the intercomponent-interaction of vortices is
 interi j =
pi~4g12
4m1m2(g11g22 − g212)
ln Ri j
ξ
R2i j
, (2)
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where mi is the mass of the ith component’s atom, 2Ri j is the
distance between the ith and jth vortices belonging to two
different components, and ξ is the coherence length.22) Then,
whether this interaction is repulsive or attractive depends on
the signs of g12 and g11g22 − g212. The two interactions show a
different dependence on the distance between vortices.
The presence of the two interactions causes the vortex
behaviors of two-component BECs more complex than that
present in one-component BECs. Here, we study a two-
component BEC system. We expect that the formation of On-
sager vortices will depend on the competition between the two
vortex interactions. The main interest of this work is to elu-
cidate if Onsager vortices form and how the vortex dynam-
ics are affected by the intercomponent-interactions. Hence,
we consider BECs trapped by a box potential, which was
also realized experimentally,18, 19) as the formation of Onsager
vortices was confirmed for a one-component BEC within the
same conditions.16)
In this study, we address 2D two-component BECs trapped
by a box potential. The ith component of the Bose–Einstein
condensate can be described by a macroscopic wave function
ψi =
√
ni(r, t)eıφi(r,t) where ni(r, t) is the density of the con-
densates and φi(r, t) is its phase. These wave functions obey
the GP equations
ı~ ∂
∂tψi(r, t)
=
[−~2
2mi
∇2 + Vtrap(r) +∑ j=1,2 gi j|ψ j(r, t)|2]ψi(r, t),
(i = 1, 2)
(3)
where mi is the mass of the ith component’s atom. Here,
we initially choose m1 = m2 = m, g11 = g22 = g, and
g12 = 0.1g > 0. In order to focus on the dependence of
the Onsager vortex formation on g12, we consider two con-
ditions: (i) g12 = 0.1g is constant; and (ii) we change g12 from
0.1g to 0.7g at t = 250. With condition (i), d of both com-
ponents increases steadily from t = 0 to t ' 250 (Fig. 2)
and Onsager vortex formation is confirmed. Then, we change
g12 from 0.1g to 0.7g at t = 250–according to condition (ii)–
in order to determine the effect of g12 on the Onsager vortex
formation, namely, to what extent does g12 affect the Onsager
vortices. With both conditions (i) and (ii), the two components
are miscible. We consider a box potential:
Vtrap(r) =
{
V0 (|r| > R0)
0 (|r| < R0) , (4)
with a potential radius R0 and potential height V0.
To create the initial state, we imprint vortices in the con-
densate by multiplying the wave function by a phase factor
Π
Nv
i exp(ıφi), with φi(x, y) = si arctan[(y − yi)/(x − xi)]. Here,
the coordinates (xi, yi) refer to the position of the ith vortex
and they are chosen randomly. After the imprinting, the wave
function evolves in imaginary time to establish the structure
of the vortex cores. We treat the state with the vortex cores
formed as an initial state. Subsequently, we solve Eq. (3) in
real time using the Fourier and Runge-Kutta methods on a
512 × 512 spatial grid.
The vortices are identified by finding the phase singularities
of the wave function. The number of vortices is counted in a
region |r| < 0.9R0 in order to avoid counting ghost vortices
in the low-density region.29) We also calculate the amplitude
of the dipole moment of the vortex distribution–which is de-
fined as d = |d| = |Σiqiri|–to characterize the formation of
Onsager vortices. If the vortices are distributed uniformly, d
seldom grows. If like-sign vortices form an Onsager vortex, d
develops into a finite value.
We numerically modeled the formation of Onsager vortices
in one-component BECs by using GP, and obtained results
consistent with the presented in a previous study.16) Then, we
extended the system to contain two components.
We first focus on the result with condition (i). Figure 1
shows temporal evolution of the distribution of the vortices,
while Fig. 2 shows the time development of d. The initially
uniform vortices lead to two Onsager vortices: one consisting
of vortices (si = 1) and the other consisting of antivortices
(si = −1) at t = 810 in both components (Fig. 1). Here, de-
cay of the number of vortices results from vortex-antivortex
annihilation.16) The d in both components increases to finite
values (Fig. 2). These results of each component are similar to
the previous simulation16) considering one-component BECs.
This can be attributed to the following reason: if g12 = 0, each
component is independent and vortices belonging to one com-
ponent are independent of the vortices belonging to the other
component. Hence, their states are perfectly equivalent to that
of a one-component BEC. If g12 is small, the intercomponent-
interaction of the vortices is weak, leading to the states of each
component being similar to that of one-component BECs.
component1
t = 410 t = 810t = 0
component2 
Fig. 1. The vortex distribution in a two-component BEC at t =
0, 410, 810. The intercomponent-coupling g12 = 0.1g is constant. Vortices
and antivortices are denoted by red and blue points, respectively. Black cir-
cles represent the boundary of the condensate. The dotted red and blue lines
surround the clusters of vortices and antivortices, respectively.
With condition (ii), a novel phenomenon appears. Figure 3
shows the temporal evolution of the vortex distribution, while
Fig. 4 shows the time development of the d. Here, the results
from t = 0 to t = 250 are equal to the results of condition (i).
After t ' 410 (Fig. 4, left vertical dotted line), the time
development of d changes from that preceding t ' 410 quali-
tatively, which results from the phase separation of the vortex
distribution. Until t ' 410, d of each component does not
change significantly. Then, we can confirm the tendency of
the formation of Onsager vortices in each component (Fig.
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Fig. 2. Time development of the dipole moment d in a two-component
BEC. The intercomponent-coupling g12 = 0.1g is constant. The dipole mo-
ment is normalized by the radius of the potential (R0), vortex charge (κ), and
vortex pair number (Nv/2). The two vertical dotted lines correspond to the
time frames displayed in Fig. 1
3, left column, dotted red and blue lines). However, after
t ' 410, d of both components vibrate with a lower frequency
than that preceding t ' 410. This time development of d after
t ' 410 results from the behavior of the region that the vor-
tices occupy, which we call the vortex-region (VR). Around
t = 700 and t = 780, the typical influence of the VR on the d
is shown (Fig. 4 center and right vertical dotted lines). The d
of both components decreases considerably around t = 700.
At this time, the vortices in one component exhibit phase sep-
aration from those of the other component. This means that
the VR in each component becomes smaller than the whole
area of the box potential, resulting in a significant decrease of
d.
Around t = 780, the d of component 1 decreases, while the
d of component 2 grows. At t = 780, the vortices cluster in
the region surrounded by the dotted black line for each com-
ponent. Subsequently, the VR of component 2 is blocked by
the VR of component 1, and is divided into two small VRs
(Fig. 3, right column). These vortex distributions reduce d of
component 1, and increase d of component 2. As we can see
at t = 700 and t = 780, we cannot confirm the formation of
Onsager vortices, as with condition (i) after a sufficient time.
Around t ' 420, 570, and 680, we confirm the same ten-
dency of the VR of component 2 being blocked and divided
by the VR of component 1. This increases d of component 2.
This phenomenon of phase separation is generally exhibited
by this system.
We numerically calculated the formation of Onsager vor-
tices in a two-component BEC trapped by a box potential, ob-
serving a novel phenomenon. The VRs of each component be-
come smaller than the whole size of the box potential through
the effect of the intercomponent-interaction of vortices which
results from the intercomponent-coupling of the condensates.
This phenomenon depends on the intensity of the latter. For a
weak intercomponent-coupling of the condensates, this phe-
nomenon is not clearly observable. On the contrary, for a
strong intercomponent-coupling of the condensates, the phe-
nomenon appears clearly. It suppresses the formation of the
Onsager vortices, which spread over the whole region inside
the potential trap, similarly to the weak coupling.
This phenomenon can be treated as the phase separation
component1
t = 410
component2 
t = 700 t = 780
Fig. 3. The distribution of vortices in a two-component BEC at t =
410, 700, 780. The initial intercomponent-coupling g12 = 0.1g is changed to
g12 = 0.7g at t = 250. Vortices and antivortices are denoted by red and blue
points, respectively. The black circles represent the boundary of the conden-
sate. The dotted red and blue lines surround the cluster of vortices and an-
tivortices, respectively. At t = 700 and t = 780, the vortices cluster in the
region surrounded by the dotted black line in each component.
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Fig. 4. Time development of the dipole moment d in a two-component
BEC. The initial intercomponent-coupling g12 = 0.1g is changed to g12 =
0.7g at t = 250. The dipole moment is normalized by the radius of poten-
tial (R0), vortex charge (κ), and vortex pair number (Nv/2). The three vertical
dotted lines correspond to the time frames displayed in Fig. 3.
of the vortex distributions. The presence of this phenomenon
is interesting because the vortex distributions separate even
though the two components are miscible. In addition, it sup-
presses the formation of large-scale spatial structures, which
were confirmed in one-component BECs. We performed sev-
eral equivalent runs for different initial vortex configurations,
and obtained the qualitatively same results.
We will quantitatively study the details of the dependence
of the dynamics and distributions of the vortices on the inten-
sity of the intercomponent-coupling of the condensates in a
follow-up paper.
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